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Mathematical Foundation for the Christoffel-Darboux Form ula
for Classical Orthonormal Jacobi Polynomials Applied in Filters

V. D. Pavlović, Ć. B. Dolićanin

Abstract: The new originally capital general solution of determiningthe prototype filter func-
tion as the response that satisfies the specifications of all pole low-pass continual time filter
functions of odd and even order is presented in this paper. The approximation problem of filter
function was solved mathematically, most directly applying the summed Christoffel-Darboux
formula for the orthogonal polynomials. The starting pointin solving the approximation prob-
lem is the direct application of the Christoffel-Darboux formula for the initial set of continual
Jacobi orthogonal polynomials in the finite interval[−1,+1] in full respect to the weighting
function with two free real parameters. General solution for the monotonic and non-monotonic
filter functions is obtained in a compact explicit form, which is shown to enable generation of
the Jacobi filter functions in a simple way by choosing the values of the free real parameters.
Moreover, the proposed solution with the same criterion of approximation is used to gener-
ate the appropriate best known classical approximation functions for particular specifications
of free parameters: the Gegenbauer, Legendre and Chebyshevfilter functions of the first and
second kind as well. The approximation is shown to yield a very good compromise solution
in view of the filter frequency characteristics (both magnitude and phase characteristics). The
paper proposes new class filter functions with an excellent approach to ideal filter characteristic.

Keywords: Christoffel-Darboux formula, orthogonal polynomials, filter functions

1 Introduction

A capital new originally general solution of approximationproblem as a prototype of all-
pole low-pass continual time filter functions is proposed inthis paper. Approximation of
ideal filter function is derived using Christoffel-Darbouxformula for the set of continual Ja-
cobi orthogonal polynomials on the finite interval[−1,+1], with respect to the continuous
weight function involving the couple of real free parameters, α andβ .

Many actual design problems can be solved by choosing a filterfunction as result of
the approximation technique by orthogonal polynomials known as the classical, as they are:
Gegenbauer (ultraspherical), Chebyshev (first and second kind) and Legendre (spherical)

Manuscript received November 15, 2010; revised January 30,2011; accepted April 4, 2011.
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polynomials. Some of applications of orthogonal polynomials in theory of electrical filters
are considered in papers [1-18]. The Jacobi orthogonal polynomials,P(α ,β )

n (x), hold a key
position in a hierarchy of orthogonal polynomial classes. For certain choices of the real
parameter values,α andβ , several classes of orthogonal polynomials considered “classi-
cal” were produced as special or limiting cases of the Jacobipolynomials class. Therefore,
finding a filter function class attributed to Jacobi orthogonal polynomials was a challeng-
ing task. In this paper proposed approximation inherit the extremal property of the parent
Jacobi orthogonal polynomials and demonstrate their suitability in modern filter designing
applications.

By solving it task we found that derived approximation, which proposed in this work,
can be used to generate set of new filter function and set of particular solutions wich gener-
ate in literature well known classical filter functions.

Filter functions have traditionally been used for passive and active realizations of time
continuous filters or digital filters.

. One dimensional and more dimensional digital filter for digital (discontinuous) signals
are extensively developed in last decades of the previous century. Filter functions of digital
filters are defined in z-domain by maping of continuous analogfilter functions or right
designed on z-domain. In practice, special emphasis is given to technics of realization,
[19-22].

In this paper, the approximation problem generating filter function by Christoffel - Dar-
boux formula for the set of continual Jacobi orthogonal polynomials and all particular so-
lutions is generated

In this work the proposed approximation method inherit extremal property of starting
Jacobi orthogonal polynomials and demonstrates main ideasnecessary for understanding
the accommodation of Jacobi orthogonal polynomials in modern filter design.

In this chapter, a treatment of the wide and diverse methods of realization and current
results that constitute modern selective processing of signal information theory is presented.

Chapter 2 is written with a viewpoint and at level that makes main ideas necessary
for understanding the hierarchy and developments of classical theory of Jacobi orthogonal
polynomials suitable for reference use in approximation theory.

Proceeding two chapters, 3 and 4, give the theoretical treatment of functions for re-
alization and utilization in the approximation method. Thechapters give a fundamental
mathematical object that appears in the representation of Jacobi polynomials as well as in
an explicit form of all-pole prototype low-pass filter function, providing extremal property
of the approximation method proposed in this paper.

General solution for the filter functions in this original work is obtained in a compact
explicit form, which is shown to enable generation of the Gegenbauer filter functions in
a simple way by choosing the value of the free parameter. Moreover, the proposed solu-
tion with the same criterion of approximation could be used to generate the Legendre and
Chebyshev filter functions of the first and second kind as well. The approximation is shown
to yield a well good compromise solution in a view of the both filter frequency characteris-
tics, magnitude and phase characteristics.
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2 Mathematical Background

The useful function, called the Euler gamma function,Γ(x), is a fundamental mathematical
object that appears frequently in representations of orthogonal polynomials as well as in
many other applications. This special function was developed as a generalization of the
factorial function of the natural numbers, and has the value(k− 1) ! for the positive integer
k. Moreover, this function is defined for non-integer values as well.

A conventional definition for the Euler gamma function is

Γ(x) =
∫ ∞

0
e−1 t x−1d t, x > 0. (1)

The positive realx ensures that this improper integral converges. The solution of above
integral (1) has the form,

Γ(x) = lim
n→∞

n! n x−1

(x)n
. (2)

Equation (2) was Euler’s original definition of the gamma function.
Now we introduce the Pochhammer symbol, or shifted factorial, (a)n, to simplify our

notation. Forn > 0, we defined:

(a)n = a(a + 1)(a + 2) . . .(a + n− 1), (3)

if integern > 1 and(a)0 = 1. Note that for a negative integer,(−m)n = 0 if m > n > 0.
Further investigation is very interesting to plot the Eulergamma function,Γ(x), fo-

cused in around the pointx = 11+ 1 with finite interval [−α ,+α ], shown in Fig. 1.

Fig. 1. Plot of the Euler gamma function,Γ(n + α + 1), for n = 11 versus free real parameterα for α ∈
(−0.5, +0.5)

Example1:
The value of gamma function,Γ(n + α + 1), for n = 11 andα = −0.33

Γ(n + α + 1) = Γ(11− 0.33+ 1) = 1.79125 107 . (4)
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Example2:
The value of gamma function,Γ(n+ β + 1), for n = 11 andβ = 0.22:

Γ(n+ β + 1) = Γ(11+ 0.22+ 1) = 6.84616 107. (5)

We begin by showing that any real polynomial,φn (x), of degreen on continuous domain
can be written as a linear combination of polynomial even andodd order, respectively,

φn (x) =
n

∑
k=0

ak xk (6)

For real constantsak, k = 0, 1, 2, . . . , n.
The proof is by induction on the degreen. Sinceφn (x) is a real polynomial we write,

φn (−x) =
n

∑
k=0

ak (−1)k xk. (7)

A linear combination of such polynomials defined in (6) and (7) can be analyzed by follow-
ing particular solutions.

Lets analyze solutions for even and odd part of polynomial function, φn (x), of even
ordern, n = 2r.

The even part of the starting even polynomialφn (x) is also the polynomial function of
equal even ordern,

φn (+x) + φn (−x) = 2
r

∑
k=0

a2k x2k. (8)

Consequently, the odd part of the starting even order polynomial φn (x) is also the polyno-
mial function, but now of lower odd order,n− 1 = 2r − 1.

φn (+x) − φn (−x) = 2
r

∑
k=0

a2k−1 x2k−1. (9)

Lets analyze solutions for even and odd part of polynomial function, φn (x), of odd order
n, n = 2r + 1. The odd part of the starting odd polynomial,φn (x), is also the polynomial
function of the equal odd order,n,

φn (+x) − φn (−x) = 2
r

∑
k=0

a2k+1 x2k+1. (10)

The even part of the starting odd polynomial,φn (x), is also the polynomial function, but
now of lower even order,n − 1 = 2r.

φn (+x) + φn (−x) = 2
r

∑
k=0

a2k x2k. (11)
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Example3:

By (10) and (11) for ordern = 9, from polynomialφ9 (x) =
9
∑

k=0
ak xk we generated

odd and even relational order polynomial,

φ9 (+x) + φ9 (−x) = a0 + a2 x2 + a4 x4 + a6 x6 + a8 x8 (12)

and
φ9 (+x) − φ9 (−x) = a1 x+ a3 x3 + a5 x5 + a7 x7 + a9 x9. (13)

In this work we focused on the orthogonal polynomial class known as Jacobi polynomi-
als,P(α ,β )

n (x). The classes of orthogonal polynomials considered classically were usually
given to be the set of polynomials Jacobi, Gegenbauer (also called ultraspherical), Cheby-
shev (of first and second kind) and Legendre (also called spherical). The Jacobi polynomials
hold a key position in the list since remaining classes can beviewed as special or limiting
cases of this class. For certain choices of the real parameters α andβ , we find that the
classes previously examined and several new classes are produced as special cases of the
Jacobi class. These subclasses inherit the structure of theparent class, which often pro-
vides a direct way to establish specific properties (i.e., polynomial nature, orthogonality,
etc.) Most directly applying (in Table 1) the starting Jacobi polonomials by choosing same

Table 1. Hierarchy And Parameters for Selected Classes of Classical Orthogonal Polynomials

Class Parameters
Jacobi α > −1, β > −1
Gegenbauer α = β = λ − 1

2or λ = α + 1
2, λ > − 1

2
Chebyshev, First kind α = β = − 1

2or λ = 0
Chebyshev, Second kind α = β = + 1

2or λ = 1
Legendre α = β = 0or λ = + 1

2

values of the free parameterα andβ , α = β , we get Gegenbauer orthogonal polynomials
with only one free real parameter,λ . Values of real parameterλ > − 1

2 are determined as
λ = α + 1

2 or λ = β + 1
2.

The expression for the Jacobi polynomials can also be most directly represented by
hyper-geometric series:

P(α ,β )
n (x) =

(α + 1)n

n! 2F1

[

−n, n+ α + β + 1
n+ 1

;
1− x

2

]

, (14)

Where the shifted factorial of the ordinary hyper-geometric Gauss series can be explicitly
expressed as:

2 F1 [a, b, c, x] =
∞

∑
n=0

(a)n (b)n

(c)n n!
xn. (15)

The derived results, expressed by (14) and (15), will be the fundamental basic for this work.
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Example4:
For evenn, n = 2r, combining (1), (2), (3), (4) and (8) for valuesn = 8,α = −0.22 and

β = 0.88 by summing and subtraction,P(α ,β )
n (x) + (−1)nP(α ,β )

n (−x) andP(α ,β )
n (x)−

(−1)nP(α ,β )
n (−x), we have, respectively,

P(−0.22,0.88)
8 (x) + P(−0.22,0.88)

8 (−x) =

+ 0.454012− 19.8798x2 + 128.426x4 − 255.157x6 + 153.882x8 (16)

and

P(−0.22,0.88)
8 (x) − P(−0.22,0.88)

8 (−x) =

+ 4.24871x1 − 45.5505x3 + 115.91477x5 − 81.2822x7. (17)

Example5:
For oddn, n = 2r + 1, combining (8), (9), (10), (11) and (12) forn = 7, α = −0.22

andβ = 0.88, by following summed expressions,P(α ,β )
n (x) + (−1)n P(α ,β )

n (−x) and

P(α ,β )
n (x) − (−1)n P(α ,β )

n (−x), we have even and odd terms of the starting even Jacobi
polynomials, respectively

P(−0.22,0.88)
7 (x) − P(−0.22,0.88)

7 (−x) =

= −4.08544x1 + 44.6561x3 − 115.27x5 + 81.7257x7 (18)

and

P(−0.22,0.88)
7 (x) + P(−0.22,0.88)

7 (−x) =

= 0.54110− 14.1567x2 + 50.599x4 − 42.0255x6. (19)

Of interest always are only the even order polynomials generated most directly by the Jacobi
polynomials, derived from polynomials of both order,n, evenn = 2r and oddn = 2r + 1.

In this work we proposed following relationship:

[P(α ,β )
2r (x) + (−1)n P(α ,β )

2r (−x) ]2 + [P(α ,β )
2r (x) − (−1)n P(α ,β )

2r (−x) ]2, (20)

or, in the other words

[P(α ,β )
2r+1 (x) − (−1)nP(α ,β )

2r+1 (−x) ]2 + [P(α ,β )
2r+1 (x) + (−1)nP(α ,β )

2r+1 (−x) ]2. (21)

Obviously, we are getting polynomials (20) and (21) as strictly even functions ofx.

3 Extremal Properties of Jacobi Orthogonal Polynomials

The set of polynomialsP(α ,β )
n (x), wherex is the real variable,n is the order of continuous

non-periodical polynomials andα , β > −1 are free real parameters, is called orthogonal
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on the finite interval−1 ≤ x ≤ +1 with respect to the non-negative continuous weight
function,ω (x), on (−1,+1), which has representative form

ω (x) = (1 − x)α (1 + x)β , x ∈ (−1,+1), (α , β > −1). (22)

On the intervalx ∈ (−1,+1) for choices of the constant value of parameterα = 0.43
and interval of the parameter valueβ ∈ (−0.5, 3), we examined 3D graphics and contour
graphics of weight function,ω (x), shown in Fig. 2 and Fig. 3, respectively.

Fig. 2. 3D plot surface graphic of the weight function,ω (x, α , β ) = (1 − x)α (1 + x)β , on intervalx ∈
(−1, +1) for the parameterα = 0.43 andβ ∈ (−0.5, 3).

Fig. 3. Jacobi contour graphics of the weight function,ω (x, α , β ) = (1 − x)α (1 + x)β , on intervalx ∈
(−1, +1) for the parameterα = 0.43 andβ ∈ (−0.5, 3).

Orthogonality of Jacobi polynomials,P(α ,β )
n (x), is determined by, [23],

∫ +1

−1
ω (x)P(α ,β )

n (x)P(α ,β )
n (x)d(x) = 0, (n 6= m; n, m = 0, 1, 2, . . .). (23)
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The non-negative weight function,ω (x) ≥ 0, and the finite segment[−1,+1] determine

the Jacobi polynomialsP(α ,β )
n (x) up to a constant scaling factor. The specification of these

factors is referred to as standardization.
For suitably standardized orthogonal polynomials, the following holds [23–33]:

∫ +1

−1
ω (x)P(α ,β )

r (x)P(α ,β )
r (x)d(x) = h( r, α , β ), (24)

where,h( r , α , β ) is norm ofr-th order of classical Jacobi orthogonal polynomial,P(α ,β )
n (x):

P(αβ)
r (x) = kr xr + k′r xr−1 + . . ., ( r = 0, 1, 2, . . .). (25)

If the following integral,Imin,

Imin =

∫ +1

−1
| f (x) − y(x) |2dα (x), (26)

exists in the Stieltjes sense, where{yn (x)} denotes an orthogonal set of the polynomials
associated with the distributiondα (x) in −1 ≤ x ≤ +1 andy(x) ranges over set of
polynomialsπn of n-th order, the integral is minimized if and only ify(x) is then-th partial
sum of the following Fourier expansion, [75-83]:

f (x) ∼ c(α ,β )
0 P0(x) + c(α ,β )

1 P1(x) + c(α ,β )
2 P2(x) + . . . + c(α ,β )

m Pm(x) + . . .. (27)

The Fourier-Jacobi spectral coefficients,c(α ,β )
m , can be defined as

c(α ,β )
m =

∫ +1

−1
f (x)Pm(x)dα (x), m = 0, 1, 2, . . . . (28)

The minimum of the integral (26) is:

Imin =

∫ +1

−1
| f (x) |2dα (x) −

m

∑
r=0

∣

∣

∣
c(α ,β )

r

∣

∣

∣

2
. (29)

This implies the Bessel’s inequality,

∣

∣

∣
c(α ,β)

0

∣

∣

∣

2
+
∣

∣

∣
c(α ,β)

1

∣

∣

∣

2
+
∣

∣

∣
c(α ,β)

2

∣

∣

∣

2
+ . . .+

∣

∣

∣
c(α ,β)

n

∣

∣

∣

2
+ . . .≤

∫ b

a
| f (x)|2dα(x). (30)

Expression (29) decreases asm increases, and consequently it tends to a non-negative
limit when m → ∞. When and only when this limit is zero we have Parseval’s formula in
the form:

∣

∣

∣
c(α ,β)

0

∣

∣

∣

2
+
∣

∣

∣
c(α ,β)

1

∣

∣

∣

2
+
∣

∣

∣
c(α ,β)

2

∣

∣

∣

2
+ . . .+

∣

∣

∣
c(α ,β)

m

∣

∣

∣

2
+ . . .=

∫ +1

−1

∣

∣

∣
P(α ,β)

n (x)
∣

∣

∣

2
dα(x). (31)
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Whenm is finite anddα (x) = d x, the summed Christoffel-Darboux formula holds:
{

P(α ,β )
0 (x)

}2
+

{

P(α ,β )
1 (x)

}2
+ . . . +

{

P(α ,β )
m (x)

}2
=

=
km

km+1
(P(α ,β )

m (x)
∂

∂ x

{

P(α ,β )
m+1 (x)

}

− P(α ,β )
m+1 (x)

∂
∂ x

{

P(α ,β )
m (x)

}

) (32)

where,km denotes the largest coefficient of polynomialP(α ,β )
m (x).

The formula (29) or formula (32) can be used to approximate continuous functions by
polynomials withr-th order norm:

hr = h( r , α , β ) =
∫ +1

−1
(1− x)α (1+ x)β P(α ,β )

r (x)P(α ,β )
r (x)d(x), (33)

r = 1,2, . . .

i.e. explicit compact form for normhr = h( r , α , β ) written by (33) applying the gamma
function, has been rewritten:

hr = h( r , α , β ) =
2(α +β +1) Γ(n+ α + 1)Γ(n + β + 1)
(2r + α + β + 1)n! Γ(n+ α + β + 1)

(34)

r = 1,2, . . .

For some of the free parameter values, the norm function given by (33) has the amounts:
Example6: h( r , α , β ) = h(11, +0.11, +0.33) = 0.115393,
Example7: h( r , α , β ) = h(11, −0.33, +1.222) = 0.175902,
Example8: h( r , α , β ) = h(10, +0.11, +0.33) = 0.126121,
Example9: h( r , α , β ) = h(10, −0.33, +1.222) = 0.521059.
We examined 3D graphics and contour graphics for norm function, hr = h( r, α , β ),

for n = 11 and of the value of parameterα ∈ (−1,+2.5) andβ ∈ (−1,+5.5) shown
in Fig. 4 and Fig. 5, respectively.

Fig. 4. 3D plot ofhnorm(α , β , n = 11) for α ∈ (−1, +2.5) andβ ∈ (−1,+5.5).

Formulas (29) and (32) are relationships between the orthogonal polynomials extremal
properties and characteristic function,An(ω 2 ).



148 Vlastimir D. Pavlović,Ć. Dolićanin

Fig. 5. Contour graphic ofhnorm(α , β , n = 11) for α ∈ (−1, +2.5) andβ ∈ (−1,+5.5).

4 Explicit Form of All-pole Filter Function

All-pole continuous-time prototype low-pass filter function can be expressed in factorized
form as:

Hn(s) =
K

(1 + s
σ r
)u

N
∏

k=1
(1 + s

ω0k Qk
+ s2

ω 2
0k
)

, (35)

wheren is the order of the filter function,K is the constant which determines the attenuation
at origin,ωoi, N = [n/2] is the integerN = [n/2], u = n − 2N, σ r is the real pole, andωoi

and Qi are the modulus andQ-factor of thek-th order of conjugate-complex pair poles,
respectively.

The expression (35) for all-pole low-pass filter functions of even and odd order can be
written in the equivalent form and is completely determinedby a set of parameters{sr , r =
1, 2, ... , n}:

Hn(s) =
K1

n
∏

r=1
(s− sr )

, (36)

wheresr = σ r + jω r , r = 1, 2, . . . , n, are Laplace’s,s-left half plane function poles,n is
the order of the filter function,K1 is the real constant.

By standard substitutions2 = −ω 2, we can get the filter function of an all-pole low-
pass filter onjω imaginary axis in the Laplace’s,s-plane, as the magnitude squared charac-
teristic,Hn(ω 2 ),

Hn (s)Hn (−s) |s= jω = Hn(ω 2 ), (37)

i.e.

Hn(ω 2 ) =
1

1+ ε 2 An(ω 2 )
, (38)

where,n is the order of the filter function,An(ω 2 ) is a characteristic function,ε 2 is a
parameter that controls the pass-band attenuation tolerance and specified maximum pass-
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band loss at cut-off frequency,ω p = 1:

ε 2 = max

{

ε 2(ω ) , ω ∈ (0, 1)
ε 2(ω p = 1)

. (39)

A frequency dependent parameterε 2(ω ) can be written in the following explicit form:

ε 2(ω ) =
ρ 2(ω )

1− ρ 2(ω )
, (40)

whereρ (ω ) is the pass-band reflection factor by which pass-band attenuation can be ad-
justed by choosing a numerical value of the maximum reflection in the pass-band,ρ ,

ρ = max

{

ρ (ω ) , ω ∈ (0, 1)
ρ (ω p = 1)

. (41)

According to the definition, the characteristic function,An(ω 2 ), at the cut-off fre-
quency,ω p = 1 is normalized to unity, so that

An(ω p = 1) = 1. (42)

5 Conclusion

In this very important original work, we propose a representative form of a prototype for
low frequency selective polynomial filter function of both even and odd orders, with mono-
tonic and non-monotonic magnitude response in the pass-band, derived in compact explicit
form on a simple way by direct application of the Christoffel-Darboux formula for classical
continual orthonormal Jacobi polynomials.

By choosing of the values of only two free real parameters,α andβ for uniquely defined
numerical values of the set of Jacobi orthogonal polynomials, we can configure a wide spec-
trum of the filter frequency characteristics and easily find apossible compromise solution
for required magnitude and phase filter characteristic. Proposed filter functions have min-
imum attenuation practically over the entire pass-band, sothey approximate an ideal filter
very well. In other words, the most significant part of the amplitude characteristic attenua-
tion in the pass-band has the value of 0 dB. The derived filter functions exhibit much better
approximation of the magnitude characteristic in the upperpart of the pass-band compared
to the Butterworth filter function of the same order.

The set of formulas for particular filter solutions for knownclassical orthogonal poly-
nomials (Gegenbauer, Legendre and Chebyshev first and second kind), derived from the
proposed original representative general solution by direct application of the Christoffel-
Darboux formula to the orthogonal Jacobi polynomials was isgiven as well.

In this work we derived formula for classical Jacobi filter function. It particular solu-
tions generated classical traditional filter functions, most directly by certain values of free
real parameters,α andβ .
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