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Vibrations of a System: Viscoelastic Rod of Fractional Type
and a Body Attached to the Rod

T. M. Atanacković, S. Pilipović, D. Zorica

INVITED PAPER

Abstract: We consider motion of a system consisting of a viscoelastic rod of finite length,
described by the fractional Zener model and a body attached to its free end (the other end of a
rod is fixed). The motion of a rod is described by the system of partial differential equations
of integer and fractional order. The motion of a body is translatory along the axis of the rod
and it represents the boundary condition for the equations describing the motion of a rod. The
initial-boundary value system is solved by the use of the Laplace transform and is given in the
convolution form. Solutions are tested numerically.
Keywords: fractional derivative, viscoelastic material of fractional Zener type, vibrations of a
rod, vibrations of a body

1 Introduction

We treat the motion of a rod with one end fixed, while attached at the other end there is
a body of mass m. The length of a rod is L and its axis, at initial time moment as well as
during the motion, coincides with the x̄ axis. Let x denote a position of a material point of a
rod at the initial time instant t0 = 0. The position of this point at time instant t is x+u(x, t) .
Equations describing the motion are (x ∈ [0,L] , t > 0)

∂
∂x

σ (x, t) = ρ
∂ 2

∂ t2 u(x, t) , ε (x, t) =
∂
∂x

u(x, t) , (1)

(1+a 0Dα
t )σ (x, t) = E (1+b 0Dα

t )ε (x, t) , (2)

u(x,0) = 0,
∂
∂ t

u(x,0) = 0, σ (x,0) = 0, ε (x,0) = 0, (3)

u(0, t) = 0, −Aσ (L, t)+F (t) = m
∂ 2

∂ t2 u(L, t) . (4)
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In equation of motion of the rod and in the strain measure (1) we used σ , u and ε to denote
stress, displacement and strain, respectively, of a material point as unknown functions de-
pending on initial position x and time t. In (1) ρ denotes the density of the material. The
constitutive equation (2) is the fractional Zener model of a solid-like viscoelastic material,
E is a generalized Young modulus (positive constant having dimension of stress), a and b
are generalized relaxation times satisfying a ≤ b, restriction obtained from the Second Law
of Thermodynamics. The operator of the left Riemann-Liouville fractional derivative of
order α ∈ (0,1) 0Dα

t is defined as

0Dα
t y(t) :=

d
dt

(
t−α

Γ(1−α)
∗ y(t)

)
, t > 0,

where Γ is the Euler gamma function, ∗ is a convolution (if f ,g ∈ L1
loc (R) , supp f ,g ⊂

[0,∞) , then ( f ∗g)(t) :=
∫ t

0 f (τ)g(t − τ)dτ, t ∈ R). We refer to [8, 10, 16] for a detailed
account on fractional calculus. Initial conditions (3) specify that the system rod-body is in
the rest in the initial time instant. Boundary condition (4)1 imply that one end of a rod is
fixed. The other boundary condition (4)2 describes the translatory motion, along the x̄ axis,
of a body attached to the free end of a rod. In (4) A stands for the cross-section area of the
rod and F for the known external force acting on the body.

Regarding the constitutive equation (2) we note that it describes the solid-like viscoelas-
tic material of fractional-order type. The difference between solid and fluid-like materials
is observed in the creep test, i.e., when material is subject to a sudden, but later constant
force on its free end. Namely, solid-like materials creep to a finite value of displacement, in
contrast to the fluid-like materials that creep to an infinite value of displacement. In [5] we
have analyzed the creep test of a material described by the constitutive equation

∫ 1

0
ϕ σ (γ) 0Dγ

t σ (x, t)dγ =
∫ 1

0
ϕ ε (γ) 0Dγ

t ε (x, t)dγ, (5)

with constitutive functions ϕ σ (γ) := aγ and ϕ ε (γ) := bγ , γ ∈ (0,1) , a ≤ b (see [1, 2, 4]),
which is a generalization of a linear fractional-type constitutive equation (2). The conclu-
sion was (according to numerical examples) that the material is solid-like. In [4] we have
analyzed the same problem with the constitutive distribution, proposed in [17] and given by
ϕ σ (γ) := δ (γ) + aδ (γ −α) and ϕ ε (γ) := b0 δ (γ −β 0) + b1 δ (γ −β 1) + b2 δ (γ −β 2) ,
where δ is the Dirac delta distribution, a,b0,b1,b2 > 0, 0 < α < β 0 < β 1 < β 2 ≤ 1,
and the conclusion was (again based upon numerical examples) that the material is fluid-
like. We note that problems similar to (1) - (4) were also treated in [13] for the con-
stitutive equation (1+ τα

ε 0Dα
t )σ = E∞τβ

ε 0Dβ
t ε and in [12] for the constitutive equation

(1+ τα
ε 0Dα

t )σ = E0

(
1+ τα

σ 0Dα
t + τβ

σ 0Dβ
t

)
ε. For the detailed account of applications of

fractional calculus in viscoelasticity see [9, 11, 15].
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2 Convolution form of the solution

The system (1) - (4) transforms into (x ∈ [0,1] , t > 0)

∂
∂x

σ (x, t) = κ2 ∂ 2

∂ t2 u(x, t) , ε (x, t) =
∂
∂x

u(x, t) , (6)

(1+a 0Dα
t )σ (x, t) = (1+b 0Dα

t )ε (x, t) , (7)

u(x,0) = 0,
∂
∂ t

u(x,0) = 0, σ (x,0) = 0, ε (x,0) = 0, (8)

u(0, t) = 0, −σ (1, t)+F (t) =
∂ 2

∂ t2 u(1, t) , (9)

after introduction of the ratio between the masses of a rod and a body κ , as well as dimen-
sionless quantities

κ =

√
ρAL

m
, x̄ =

x
L
, t̄ = t

√
AE
mL

, ū =
u
L
, σ̄ =

σ
E
,

ā = a

(√
AE
mL

)α

, b̄ =

(√
AE
mL

)α

, F̄ =
F

AE
.

Also in writing (6) - (9) we omitted bar over dimensionless quantities.
In order to solve the system (6), (7) subject to initial (8) and boundary data (9), we use

the Laplace transform method. Recall that the Laplace transform of f ∈ L1
loc (R) , f ≡ 0 in

(−∞,0] and | f (t)| ≤ cekt , t > 0, for some k > 0, is defined by

f̃ (s) = L [ f (t)] (s) :=
∫ ∞

0
f (t)e−stdt, Res > k

and analytically continued into the appropriate domain D.

Applying formally the Laplace transform to (6) - (9) we obtain (x∈ [0,1] , s∈C\(−∞,0])

∂
∂x

σ̃ (x,s) = κ2s2ũ(x,s) , ε̃ (x,s) =
∂
∂x

ũ(x,s) ,

(1+asα) σ̃ (x,s) = (1+bsα) ε̃ (x,s) , (10)

ũ(0,s) = 0, σ̃ (1,s)+ s2ũ(1,s) = F̃ (s) .

In order to obtain the displacement u we use (10), so that we have (x ∈ [0,1] , s ∈
C\(−∞,0])

∂ 2

∂x2 ũ(x,s)−κ2s2M2 (s) ũ(x,s) = 0, (11)

where we introduce

M (s) :=

√
1+asα

1+bsα , s ∈ C\(−∞,0] . (12)
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The solution of (11), subject to (10)3, is

ũ(x,s) = F̃ (s) P̃(x,s) , x ∈ [0,1] , s ∈ C\(−∞,0] . (13)

where (x ∈ [0,1] , s ∈ C\(−∞,0])

P̃(x,s) =
1
s

M (s)sinh(κxsM (s))
sM (s)sinh(κsM (s))+κ cosh(κsM (s))

. (14)

3 Explicit form of the solution

In order to calculate P and obtain the displacement u, we have to invert the Laplace trans-
form in (14). The following proposition establishes location and multiplicity of the poles
of P̃, given by (14).

Proposition 1 Let (s ∈ C\(−∞,0])

f (s) := sM (s)sinh(κsM (s))+κ cosh(κsM (s)) = 0. (15)

(i) There are countably many complex conjugated zeros of f , denoted by sn and s̄n,
n ∈ N, respectively.

(ii) The zeros sn (and s̄n) of f are located in the open left complex plane for all n ∈ N.

(iii) The zeros sn (and s̄n) of f are of multiplicity one, for fixed and sufficiently large n∈N.

Now we give the theorem on existence and properties of the displacement u.

Theorem 2 Let F be a locally integrable function on R equal to zero on (−∞,0). The
displacement u as a solution to (6) - (9) is given by

u(x, t) = F (t)∗P(x, t) , x ∈ [0,1] , t > 0.

The function P is determined by (x ∈ [0,1] , t > 0)

P(x, t) =
1

2πi

∫ ∞

0

(
1

D(qe−iπ)
M
(
qe−iπ)sinh

(
κxqM

(
qe−iπ))

− 1
D(qeiπ)

M
(
qeiπ)sinh

(
κxqM

(
qeiπ))) e−qt

q
dq

+
∞

∑
n=1

[
Res

(
P̃(x,s)est ,sn

)
+Res

(
P̃(x,s)est , s̄n

)]
, (16)

where M is given by (12) and

D
(
qe±iπ)= qM

(
qe±iπ)sinh

(
κqM

(
qe±iπ))+κ cosh

(
κqM

(
qe±iπ)) .
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The residues are given by

Res
(
P̃(x,s)est ,sn

)
=

[
M (s)sinh(κxsM (s))

s d
ds f (s)

est

]
s=sn

, (17)

where f is given by (15) and sn, n ∈ N, are zeros of (15). Function u is continuous on
[0,1]× [0,∞) .

For the proofs of Proposition 1 and Theorem 2 we refer to [6, 7].

4 Numerical examples

The aim of this section is the qualitative analysis of the behavior of a displacement u ob-
tained as a solution to (6) - (9) in the special case of force F. The existence and the form of
u are given in Theorem 2. In order to study creep, we chose the force, acting on the body
attached to the rod’s end, to be the Heaviside function, i.e. F = H. We fix the parameters
describing the rod: a = 0.1, b = 0.9, α = 0.8 and give plots of u for different values of the
ratio between the masses of rod and particle κ := κ2.

Figures 1 and 2 present the long-time behavior of displacement u for different values
of κ. It is evident that the oscillations of the system rod-body are damped, since the material
is viscoelastic. One sees that there is no dependence of the finite value of displacement in
creep on the value of the mass ratio κ, i.e. for any κ if F = H then limt→∞ u(x, t) = x,
x ∈ [0,1] .

Fig. 1. Displacement u(x, t) in the creep experiment for κ= 0.5 as a function of time t at x ∈ {0.25,0.5,0.75,1}
for t ∈ (0,100).

Figures 3 and 4 present the short-time behavior of u for different values of κ. We see
that for small times there is an influence of κ on the height of the peaks such that its height
increases as κ decreases. However, this is due to the inertia of the body, while for larger
times the viscoelastic properties of the rod prevails. There is also an influence of κ on the
width of the peaks, since as κ increases the width of the peak does it also. We see that
regardless of the value of κ there is a delay in the starting time-instant of oscillations. This
is due to the finite wave propagation speed, since the particle (x = 1), which is subject to the
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Fig. 2. Displacement u(x, t) in the creep experiment for κ = 2 as a function of time t at x ∈ {0.25,0.5,0.75,1}
for t ∈ (0,100).

action of the force, starts oscillating at t = 0, while the starting time-instant of the points of
the rod is greater as the point is further from the point where the force acts. The delay in
the oscillations starting time-instant increases as κ increases.

Fig. 3. Displacement u(x, t) in the creep experiment for κ= 0.5 as a function of time t at x ∈ {0.25,0.5,0.75,1}
for t ∈ (0,15).

Fig. 4. Displacement u(x, t) in the creep experiment for κ = 2 as a function of time t at x ∈ {0.25,0.5,0.75,1}
for t ∈ (0,15).

Figure 5 presents the plot of time evolution of displacement u for fixed point of the rod
x = 0.5 if the ratio between masses κ varies. Here, the parameters are: a = 0.2, b = 0.6,
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α = 0.45. Figure 5 supports previously mentioned fact that regardless of the κ rod creeps
to the same value of displacement.

Fig. 5. Displacement u(x, t) in the creep experiment at x = 0.5 as a function of time t ∈ (0,100) for κ = 0.5 -
dot-dashed line, κ = 1 - dashed line and κ = 2 - solid line.
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34 T. M. Atanacković, S. Pilipović, D. Zorica

[11] YU.A. ROSSIKHIN, Reflections on two parallel ways in the progress of fractional calculus in
mechanics of solids, Applied Mechanics Reviews, 63, 010701-1–010701-12,(2010).

[12] YU.A. ROSSIKHIN, M.V. SHITIKOVA, Analysis of dynamic behaviour of viscoelastic rods
whose rheological models contain fractional derivatives of two different orders, Zeitschrift
für Angewandte Mathematik und Mechanik, 81, (2001), 363–376.

[13] YU.A. ROSSIKHIN, M.V. SHITIKOVA, A new method for solving dynamic problems of frac-
tional derivative viscoelasticity, International Journal of Engineering Science, 39, (2001),
149–176.

[14] YU.A. ROSSIKHIN, M.V. SHITIKOVA, Analysis of the viscoelastic rod dynamics via mod-
els involving fractional derivatives or operators of two different orders, Shock and Vibration
Digest, 36, (2004), 3–26.

[15] YU.A. ROSSIKHIN, M.V. SHITIKOVA, (2010) Application of fractional calculus for dynamic
problems of solid mechanics: Novel trends and recent results, Applied Mechanics Reviews,
63, (2010), 010801-1–010801-52.

[16] S.G. SAMKO, A.A. KILBAS, O.I. MARICHEV, Fractional Integrals and Derivatives. Gordon
and Breach, Amsterdam, 1993.

[17] H. SCHIESSEL, CHR. FRIEDRICH, A BLUMEN, ) Applications to problems in polymer
physics and rheology. In Applications of fractional calculus in physics (ed R. Hilfer). World
Scientific, Singapore, 2000.


