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Numerical Methods for Solving the Dynamic Behavior of
Real Systems

V. Nikolić, D. Djekić, A. Radaković, Dž. Pučić

Abstract: In this paper are shown dynamic models which represent the real systems. As an
example, one gear couple has been presented. In this case, the simplified model two discrete
masses with elastic and damped connections. Using the of mechanics and taking into account
initial and basic principles conditions, the system of differential equations is established which
describes physicality of motion. Such system of equations represents mathematical model at
dynamical behavior of gear transmission. Established system of differential equations has been
solved in analytical way with the aim of obtaining data for numerical analysis. The proper
estimate of dynamical behavior of gear transmission and other systems can be on the basis of
own frequency and of own form of oscillating. In the paper is presented the solution of the
main form of oscillating and stress condition using finite elements method.
Keywords: Stress and strain state analysis, tensor invariants, Finite Element Method, Geared
transmissions.

1 Introduction

In solving dynamic problems, a real engineering system is replaced by a simplified dynamic
model. This model consists of continually or discretely positioned masses with elastic
and damped connections among individual members. A system of equations describing
physicality of the process of motion is set by applying the basic principles of mechanics
and taking into consideration the initial and boundary conditions. That system of equations
represents the mathematical model of the machine or system in dynamic behavior.

The equations of motion of dynamic systems which are analog to the equations of equi-
librium in static analysis, can be derived on the basic of D’Alambert principle, the principle
of virtual displacements or Hamilton principle [1,2,3].
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In order to minimize the error in modeling dynamic systems, it is necessary to represent
the system with a greater number of masses, i.e., degrees of freedom. On the other hand,
increased number of degrees of freedom makes the mathematical model more complex and
solving of the given system of equations more difficult.

Taking the exact nature of the discussed problem into consideration, during this re-
search the Finite Elements Method (FEM) has been chosen as one of the numerical meth-
ods, [1,2,3,9,10].

2 Equations that describe the dynamic behavior of the system

To formulate the equations of motion in the finite method, we start from Hamilton variation
principle and functional Lagrange, 2,3,4 .

Taking into account the equations for kinetic and potential energy [1,2,3], displacements
of velocity, acceleration and deformation in the finite element expressed through interpola-
tion functions, as well as the expression for damping forces, the matrix equation of motion
of the finite element is obtained in the following form

mq̈e + cq̇e +kqe = Qe (1)

In this equation are

m =
∫

v
NTρ NdV matrix of mass of the element,

c =
∫

v
NTcNdV matrix of damping of the element,

k =
∫

v
BTDBdV stiffness matrix of the element,

Qe =
∫

v
NTFdV +

∫
S

NT Fn dS vector of generalized forces

The equation of motion for the finite element system, that is , the structure, is formed
on the basic of the matrix equations of motion for individual finite elements

Mq̈+Cq̇+Kq = Q (2)

where M, C i K matrices of mass, damping and stiffness of the structure, and Q is vector
of generalized forces in the nodes of the finite element system.

Determination of own vibrations of structural elements is a separate problem often re-
ferred to as the problem of own values or eigne problem. The result of studying free oscil-
lations of the system are own frequencies and own vectors. The simplest case is the system
without damping and action of external forces so it is described by a differential equation

Mq̈+Kq = 0. (3)
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If the vector of generalized nodal displacements is expressed in the form of

q = q̄eiwt , eiwt = coswt + isinwt

then the matrix equation has the form of

(K−w2M)q̄ = 0 (4)

and it is a system of algebraic equations per unknown amplitudes q̄. In order for this
system of equations to have solutions (apart from the trivial q = 0), it is necessary to have
the determinant of the system equal to zero, that is

|K−w2M|= 0 (5)

This equation is known as the characteristic equation of the system. Solutions of this equa-
tion (roots) w2

i , of which generally there are n, are represented by the squares of own fre-
quencies of the system or own values of the system which we usually arrange by increasing
order w1

2 < w2
2 < w3

2 < .. . < wn
2. For each own value there is an own vector q̄ which

represents the own form or node of vibrations.
The vectors of natural or own forms possess the characteristic of modal orthogonality

which can be expressed by the term

q̄T
i Mq̄j = δi j =

{
1, i = j

0, i ̸= j

}
i q̄T

i Kq̄j = wi
2δi j (6)

so, if the vectors q̄i are arranged in such a way that they form columns of the matrix, then
the matrix obtained represents the modal matrix which is used to transform generalized
coordinates into main coordinates.

As a real practical examples on which will be applied to developed the theory and FEM
were selected gear transmissions.

3 Dynamic models of gear transmission

Dynamic behavior of gear transmission is primarily the result of changes of external load
as well as of occurrence of internal dynamic forces. The change of external load originates
from the change of force of the power engine and also from the very fact that in engagement
single and double mesh are alternated [2, 9, 10]. Additional internal dynamic forces depend
on rigidity of teeth, displacement of profile, manufacturing errors (mesh, pitch, shape and
the others) peripheral velocity, mass of rotary parts rigidity of twisting and bending of the
shaft, etc. Also, internal dynamic forces occur due to elastic deformations of the teeth.
The occurrence of internal dynamic forces has been studied for years. Further in the text a
model of oscillation of a gear set will be described.
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On the basic of Lagrange equations of other types differential equations of second order
are written and solving of this system defines the dynamic process of discrete points.

Coupled gears, or single-step gear transmission can be represented by an oscillatory
model, Fig. 1a,[ 1b, 2a, 5, 6, 7] , where Fn(t) denotes the initiating force, while mr1 and
mr2 are reduced masses of the gears. A simplified dynamic model of the gear set is shown
on Fig. 1b.

Reduced masses of individual gears are

mr1 =
J1

r2
b1
, mr2 =

J2

r2
b2

(7)

where J1 and J2 moments of inertia of rotary masses and rb1 and rb2 are radii of base circles
at gears 1 and 2.

The initiating force is of the following form: Fn(t) = F0 +F1 sinΩ1t1.

(a) (b)

Figure 1: (a) Gear set FME model; (b) A simplified dynamic model of the gear set

It means that the teeth mesh is replaced by the action of a variable force at teeth flanks
Fn(t) which changes in proportion to the deformation of teeth in mesh. It is assumed here
in that rigidity of the teeth in mesh is equal to medium rigidity c0.

By applying the above described procedure, we can demonstrate that this model is de-
scribed by a system of differential equation, [2, 6, 7, 8, 9, 10]

mr1ẍ1 + k(ẋ1 − ẋ2)+ c0(x1 − x2) = Fn(T ),

mr2ẍ2 − k(ẋ1 − ẋ2)− c0(x1 − x2) = −Fn(T ). (8)

In case the gear supports O1 and O2 are absolutely rigid, the total displacement in the
direction of the contact line will be x = x1 − x2 and k is gear mesh dumping functions
depending on t.
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The corresponding matrices for the above system, that is the matrix of damping coeffi-
cient C, matrix of elasticity K and matrix of inertia M, have the following forms

C =

[
k −k
−k k

]
; K =

[
c0 −c0
−c0 c0

]
; M =

[
mr1

mr2

]
.

Let us assume the homogenous part of the solution of this system in the form{
x1
x2

}
=

{
A1
A2

}
eλ t (9)

which, by substituting in (17) gives the system of algebraic equations which has the char-
acteristic polynom

f (x) =
∣∣∣∣ mr1λ 2 + kλ + c0 −c0 − kλ

−kλ − c0 mr2λ 2 + kλ + c0

∣∣∣∣ (10)

On Fig. 2a is dynamic model of the transmission with four degrees of freedom is used
and simplified dynamic model of the gear set is shown on Fig. 2b.

(a) (b)

Figure 2: (a) Gear transmission model with four degrees of freedom. (b)A simplified dynamic model of the
geared transmission.

The differential equation, [2, 8, 9, 10] , of the model on Fig. 2a are:

m1ẍ1 +(c1 + c12)x1 − c12x2 +(k1 + k12)ẋ1 − k12ẋ2 = F1(t),

m2ẍ2 +(c2 + c12)x2 − c12x1 − c2x3 +(k2 + k12)ẋ2 − k12ẋ1 − k2ẋ3 = −F1(t),

m3ẍ3 +(c2 + c34)x3 − c34x4 − c2x2 +(k2 + k34)ẋ3 − k34ẋ4 − k2ẋ2 = F2(t),

m4ẍ4 +(c3 + c34)x4 − c34x3 +(k3 + k34)ẋ4 − k34ẋ3 = −F2(t)

where:
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• mi (i = 1,4) are equivalent masses of transmission elements,

• ci are shaft stiffness (i = 1,3),

• ki are shaft dumping (i = 1,3)

• c12,c34 are gear mesh stiffness functions depending on t,

• k12,k34 are gear mesh dumping functions depending on t.

Shaft stiffness/dumping outside of the gears on the shaft 2 are not considered.

4 Presentation of results

As an example for modal analysis is taken a single-step gear set (Fig. 1a) with the following
data, Table 1:

Table 1: Data for gear set
Parameter Gear 1 Gear 1

Number of teeth 38 65
Modul 0,003 m 0,003 m

Standard angle 20◦ 20◦

Material Č4320 Č4320

Boundary conditions have been defined per displacement (all displacements at gear and
shaft are equal to zero), Fig. 3. The load is specified in contact points of the gears (drive
power is P = 7,5kW and revolution number n = 800min−1).

Figure 3: Displacement and force boundary conditions

The first two main shapes of oscillation of the system of two gears are shown in Fig. 4
(a), 4 (b), etc.
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(a) (b)

Figure 4: (a) First mode shape (f=1631.48 Hz). (b) Second mode shape, f=1650.80 Hz.

Figure 5: Strain distribution for t = 0,02

We have further analyzed strain conditions demonstrated in the gear set, and the results
are shown in Fig. 5.

Using the above procedures, the results are obtained for the geared transmission on the
Fig. 2a, using transmission parameters given in Table 2.

Table 2: Data for gear transmission on the figure 3

Parameter Gear 1 Gear 2 Gear 3 Gear 4
Number of teeth 27 30 33 22

Modul (m) 0.003 0.003 0.003 0.003
Pitch circle diameter (m) 0.081 0.090 0.099 0.066

Addendum circle diameter (m) 0.087 0.096 0.106 0.072
Base circle diameter (m) 0.073 0.0828 0.0918 0.0588

Measurement teeth number (m) 0.004 0.004 0.004 0.003
Standard angle (degrees) 20 20 20 20

Axial distance (m) 0.081 0.081 0.081 0.099
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Transmission load distribution along the line of contact for each transmission gear pairs
given on Fig. 6, and distribution of loads on the transmission elements for t = 0.02 is given
on the Fig. 7 as an output from the nonlinear dynamic analysis of the geared transmission.

Additional results for strain distribution along the line of contact for each gear par is
given on the Fig. 8.

Figure 6: Transmission load distribution in time step t=0.02

Figure 7: Load distribution along the line of contact for each transmission gear par (t = 0÷ t = 0.02)
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Figure 8: Strain distribution along the line of contact for each transmission gear par (t = 0÷ t = 0.02)

5 Conclusion and guidelines for further research

In this paper the basic principles of modal analysis are given. Using basic laws of math-
ematics and mechanics, it is possible to describe the dynamic behavior of a system. The
solution of differential equations, can be obtained using numerical methods.

So, Finite Elements Method is used in this paper to develop the real model of the geared
set. On the basis of the results shown in this paper it has been concluded that the methodol-
ogy developed to study the dynamic behavior of complex systems is very efficient. It gives
a lot of possibilities and can be easily upgraded for analysis of other effects.

The modal analysis and analysis of the stress and strain conditions that suggest that the
system of only two gears is very complex and that it is almost impossible to include all the
effects by such and similar research.

RESULTS were obtained using the computer program COSSMOS M.

Further research should be directed at studying the effects of mutual dynamic impact of
teeth in engagement, as well as at including connection between the shaft and gear into the
dynamic model and the like.
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