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Nested Functions of Type Supertrigonometric and
Superhyperbolic via Mittag-Leffler Functions

A. H. Ansari, S. Maksimovi¢, L. Guran, M. Zhou

Abstract: In this paper nested functions of type supertrigonometric and superhyperbolic are
introduced and their properties are determined. Using these functions some classes of fractional
differential equations are solved.

Keywords: supertrigonometric and superhyperbolic functions, Mittag-Leffler functions, frac-
tional differential equations

1 Introduction

The Mittag-Leffler function is the special function of the form

s n

Z
Ea(Z) = r;)m, o,z ¢c C, 9?(06) >0,

and it is introduced in [13, 14] by Swedish mathematician Gosta Magnus Mittag-Leffler.
Later, Wiman [20] introduced the two-parameter Mittag—Leffler function E, g(z), which is
given by

Z}’l

Eop(c) = ioF(anH?) B,z € C, R(a) >0, K(B) > 0.

It is proved in [7] (see also [11]) that

safl

:so‘$7t

L(Eq(£A1%))(s) 1
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and
L(P T Eq g (%)) (5) = s 2
o.p S) T =y ()
where R(s) >0, A € C, [As~%| < 1. With the development of the fractional calculus, the
interest of scientists in the study of Mittag-Leffler functions grew [6-9]. Solutions of some
linear fractional differential equations may be expressed in terms of the Mittag—Leffler
function [3,4]. During the last two decades, the interest in Mittag-Leffler functions and
Mittag-Leffler type functions have grown, especially among engineers and scientists due to
their huge application in several applied problems, such as fluid flow, diffusion-like trans-
port, electrical networks, probability and statistical distribution theory [5, 15, 18]. They are
particularly interesting the supersine and supercosine functions based on the Mittag-Leffler
function introduced in [3] (see also [10, 19]).

In this paper we introduce nested functions of type supertrigonometric 7jjq, T} jq.p
and superhyperbolic Hyjq, H),jq 5 as the special case of Mittag-Leffler functions in order
to solve some classes of fractional differential equations. We suggest the word ,,nested”,
because with the finite derivative they become functions in the same class. We also gave
some properties of these functions.

2 Preliminaries

In this subsection we recall some important results regarding the functions 7},; and H,,; and
the fractional calculus.

2.1 Notions

We use the following notation: N, R and C for the sets of positive integers, real and complex
numbers, respectively; R(z) is the real part of the complex number z. A Laplace transform
of a function f is denoted by Z(f(¢))(s) = [, f(t)e"dt, s € C, and the gamma function
is denoted I'(z) = [;""#*e~"dt, R(z) > 0.

2.2 Functions 7,,; and H),;
The functions 7),;,H,; : R = R, j=0,1,2,---,p—1, p € N, are defined as follows [1]:
= (1)t o pntj
T,(t)=) —~———, H,(t)=) ——.
it n;) ZEIRE ,,gb(pnﬂ)!
Theorem 2.1. [I] For eacht € R, we have

Tio(t) — T3 (£) + T5h (1) +3Ts0(t) a1 (1) Tsa (1) =

1
H3y (1) + H3y (1) + H35 (1) — 3Hso (1) H3) (1) Hzao (1) = 1.
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Theorem 2.2. [1] Letw® = —1,w # —1. Then for eacht € R, we have

exp(—1) = Tao(r) —T51(t) + T52(1)
exp(wt) = Tao(t) +wlii(t) +w*Tsa(t)
exp(—w2t) = T30(l‘)—W2T31(l‘)—WT32(l‘),

and

exp(—t) + exp(wt) +exp(—w?t)

T30(l‘) =

3
—exp(—t) — w?exp(wt +wex —w?t
Tolt) = p(—1) p3( ) p(—w)
exp(—t) —wexp(wt +wzex —w?t
Tolt) = p(—1) p(3) p=w1)

Theorem 2.3. Let A3 = 1,4 # 1. Then for each t € R, we have
exp(t) = H3()(l‘) —|—H31(l‘) —G—ng(t)

exp(ﬂ,t) = H3()(l‘) +AH31(Z)+7LZH32(Z)

exp(?th) = H3()(l‘) +12H31(t) +AH32(Z‘),

and
Haft) — SRR few(i)
Hy (1) = eXp(’)”LzeXP(;”)+/lexp(/l2t)
Ha(t) = eXp(t)*lexp()g)Jr?LZexp(/lzt).

2.3 Fractional derivative

The Riemann-Liouville fractional derivative of order « is defined by [12, 16]
R L ()
Datzi—/id, —-l<a<n
DY) = ey am J, G we " =1
In this paper we consider the case a = 0 and we denote it by D*. The Laplace transform of
the fractional derivative is given by [12,16,17]

n—1
ZL(D%(1))(s) =s*ZL(y(1))(s) = Y. 'D*771y(0), n—1<a<n
j=0

According to the terminology used by Miller and Ross, [12], the fractional differential
equation

n—1
Doy(t)+ Y pi()DOiy(t) + pu(t)y(t) = h(1), D% 'y(0) = bj, j=1,2,...,n,  (3)
J=1
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is a sequential fractional differential equation where

D% =D%p%-1...p% po~!=p%-Ip%-1...p%
J
ci=Yoa,j=1..n0<0<l, i=1..n

The Laplace transform of the sequential fractional partial derivative D°y(¢) is given
by [17]

n—1
LDE)6) =5 L))~ L, s~ ID% 7 y(0). @

3 Supertrigonometric and superhyperbolic functions via Mittag-Leffler func-
tions

Following [18] we introduce supertrigonometric superhyperbolic functions.

Definition 3.1. Let T,jo : R =R, j=0,1,2,--- ,p—1, peN, a € C, R(a) > 0. We say
that the function T, q is type pre-supertrigonometric with p element if

( -1 )ntpn+ J

pn+jla+1)

Definition 3.2. Let 7)o :R—R,j=0,1,2,--- ,p—1, pe N, a € C, R(a) > 0. We say
that the function T, q is type supertrigonometric with p element if

presuper T, (t) =
pjx ngz) F((

> (—1)rlertie

super Tpja (1 Z C((pn+j)o+1)

Firstly, we consider the case when p = 3. Using Theorem 2.2 we obtain connections
between pre-supertrigonometric and supertrigonometric with Mittag-Leffler functions.

Theorem 3.3. Let w> = —1,w #—1, a € C, R(a) > 0. Then for eacht € R, we have

Eq(—t) +Eg(wt) + Eq(—w?t)

presuper T304 (1) =

3
presuper T314 (1) = —Eo(=1) - szagwt) + WEq(—wt)
presuper Ty (1) = Eq(—t) —WEq (w3z) + W Eq(—w)
and
super T30 (t%) = E“(_ta)+E06(W3ta)+Ea(—w2t“)
super T314(t%) = —Ea(—1%) — Wonc(;Wa) +WEq (—w?t%)
super Ty (1%) = Eq(—1%) — wEq(wt®) + W?Eq(—w*1%)

3
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Theorem 3.4. Let w> = —1,w #—1, 0 € C, R(ax) > 0. Then for each t € R, we have

(presuper T3¢ (t))3 — (presuper T3 ¢(1) )3 + (presuper T334 (t))3 +

3 presuper T3¢ (1) presuper T3 o (1) presuper T3p4,(f)

and
(superTgooc(to‘))3 — (superT310C(tO‘))3 + (superT32a(tO‘))3 +
3super T30q (%) super Ts1 o (%) super T2 (1%)
=Eq(—t%)Eq(wt*)Eq(—w > %).

Proof. The proof follows from Theorem 2.1 and Theorem 3.3. O

Using Theorem 3.3 we obtain the following assertion.

Theorem 3.5. Letw” = —1,w # —1, p > 3 is a prime number and o. € C, R(at) > 0. Then
foreacht € Rand j=0,1,...,p—1, we have

(_1)j+1 p=l - -
presuper 7)o (1) = Z (=17 P T Eg((— 1)z+1w )
P50
and .
o (_])Hlpil ij op—ij i+1 i
super Ty jo ( ):TZ(_I)jwp IEg((—1)™* @it®). )
i=0

Definition 3.6. Let H,jo, :R - R, j=0,1,2,---,p—1, peN, a € C, R(a) > 0. We say
that the function H), o is type pre-superhyperbolic with p element if

= Pt

resuper H
presuper Hp ot nzbr (pn+j)a+1)

Definition 3.7. LetH,jo :R— R, j=0,1,2,--- ,p—1, peN, a € C, R(a) > 0. We say
that the function H), o is type superhyperbolic with p element if
H ( oc) i t(P”*/)a
superH, o (t%) = - .
e S T((pn+j)a+1)

Firstly we consider a case when p = 3. Using Theorem 2.3 we obtain connections
between pre-superhyperbolic and superhyperbolic with Mittag-Leffler functions.

Theorem 3.8. Let A3 =1,1 #1, a € C, R(a) > 0. Then for eacht € R, we have

2

presuper Hzpq (1) = E“(t)'i'Ea();t)‘i'Eau )
2 2
presuper Hy g (f) = Eq(t)+2 Ea(;l,t)—i—)tEa(l 1)
2 2
presuper Hyg (1) = Eq(t) + AEq(A1) + A2Eq (M%)

3
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and
Eq(t%) 4+ Eq(At%) + Ea(AQtO‘)

super Hapq (%) =

3
o 2 o 2.0
super Hy1o(1%) = Eq(t%)+ 4 Ea();t )+ AEq(A%%)
a a 2 2.0
SuperH32a(t°‘) _ Ea(t )+1Ea(lg )—l_)u Ea(lt )

Theorem 3.9. Let A° = 1,4 # 1, a € C, R(ax) > 0. Then for each t € R, we have

(presuper Hzoq(1))* -+ (presuper Hz (1)) 4 (presuper Hsaq (1))® —
3 presuper H3q (1) presuper Hzj o (1) presuper H3po (1)

=Eq (I)Ea (A’I)E(X (AZI)
and
(super Hz04, (%)) + (super Ha 1 (t%))? 4 (super Hypq (%)) —
3 super Hsoq (1) super Hs1 o (1) super Hypq (1%)
= Eq(t%)Eq(At%)Eq(A%%).
Proof. The proof follows from Theorem 3.8 and Theorem 2.1. O

Theorem 3.10. Let AP = 1,A # 1, p > 3 is a prime number and o € C, R(a) > 0. Then
foreacht € Rand j=0,1,...,p— 1 we have
1Pl y .
presuper Hyjo (1) = — Y AP"VEq(A't),
P iz

17! . ;
super Hpjo (1%) = = Y AP"VEq(A'1%).
P iz

Theorem 3.11. Let p > 3 be prime number, o,s € C, R(at) > 0, R(s) > 0and [s~*| < 1.
Then we have

a s(p_j)a_l .
g(supeerjOC(t ))(S): W? J:()vluap_l (6)
and _
a S(P—])a_] .
Z(Supeerja(t ))(S)ZW7 120717717_1 (7)

Proof. We will prove (6), since the proof for (7) is similar. If we apply the Laplace trans-
form on (5), using (1), we obtain

& o _(_1)j+1 p-l 1\ i o1
(superTpja(1))(s) = *— i:fa(— e e oy

(_l)j-H ga—1 p-l

= Z(—l)ija)p”'jpi](—1)"5(1’*1*")0‘(_@)"’{
k=0

p sP% 4+ 1 =
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p—1
Since @” = —1, @ # —1, then ¥ (—1)*@wP~!=% =0, so we have
k=0

(—1)/H+1 1 (—1)/tr+2 p—1

uwp ij Z glp—1-ka %(_ w)ik: Z(_l)ijwp—ij(_w)i(p—l)
V4 i— 0 p i=0
_1)jtpp-l g g —1)2+1 Rz 1
_,_sai Z(—l)”a)”_”(—a)) ip=2) y yglp-i-Da =D pr_|_
P i

_1\j+1 p—1
4 sto-na(ZDT Y (1)@l =045 0+...+sPITNE L 1o,
p i=0

This completes the proof. O

Theorem 3.12. Let p > 3 be a prime number, a > 0, o,s € C, R(ax) > 0, R(s) > 0 and
las™*| < 1. Then we have

sp=hoa—1,j
X(supeerja(ata))(s):W, j=0,1,...,p—1 (8)
and
s(p—Da-1,i
f(superH,,ja(at“))(s):W, j=0,1,...,p—1. )
Proof. Follows from Theorem 3.11. O

Definition 3.13. Let T),;up : R =R, j=0,1,2,---,p—1, peN, o, € C, R(a) >0
R(B) > 0. We say that T, p is type pre-supertrigonometric with p element if
s (_1)ntpn+j
presuper T, g(t) = - .
e = 2 o+ et B)

Definition 3.14. Let T, ;43 : R =R, j=0,1,2,---,p—1, peN, o, € C, R(a) >0
R(B) > 0. We say that T,,;q g is type supertrigonometric with p element if

oo (_ l)nt(pn+j)(x+ﬁfl

super 7T}, q g (r%) = r;) I'((pn+j)a+P)

Firstly, we consider the case p = 3.

Theorem 3.15. Let w’ = —1,w # —1, o, € C, R() > 0, R(B) > 0. Then for each
t € R, we have

Egp(—t)+E 1)+ E, g(—w?t
Presupernomﬁ(t) — Ota,B( ) a,ﬁ(;) Otﬁ( w )

—Eqp(—t) —W?Eq g(wt) +WEq g(—wt
presuper T34 5(1) = ap(=t)—w oc,l;(w) WEq g(—w?1)

Eop(—t)—wE ) +w2E., a(—w?t
presuper T4 (1) = ap(—1)—w Ohﬁ(;") wEq g(—w1)
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and

e Eqp(—t%)+Eqp(wt%) + Eq g(—w?t®)

super T304,8(t%) =

3
—Ey5(—t%) —w?Eq g (wt%) +WEg g(—w?t%)
T ta — tﬁ—] (X,ﬁ a‘,ﬁ a7ﬂ
super 31a,ﬁ( ) 3
Eq g(—t%) —WEq g(wt%) +Ww?Eq g(—w?t%)
T [ — 1o o.B o.B _
super 32a,ﬁ( ) 3

Theorem 3.16. Let w® = —1,w# —1, o, B € C, R(a) >0, R(B) > 0. Then for eacht € R

we have
(presuper Tage o (1)) — (presuper Ty (1)) + (presuper T (1)) +
3 presuper T304, (t) presuper T3 4 g (¢) presuper T34 g ()
= Eqp(—1)Eqg(wt)Eqg(—w1)

and

(super T3q,p(1%))* — (super T314,5(t%))’ + (super Tipq g (1%))° +
3super Tyq (t%) super T30 (t%) super Toap (t%)
= Ea,ﬁ (—l‘a)Eaﬁ (Wl‘a)Ea’lg (—WZI(X).

In general case, we have the following assertion.

Theorem 3.17. Let w’ = —1,w # —1, p > 3 be a prime number and o, € C, R(a) >
0,R(B) > 0. Then for eacht € R and j=0,1,...,p— 1 we have

(_1),j+1 p=1

presuper T}, o g(t) = p ;)(—l)ija)piianﬁ((—l)Hl(Dil‘)

o (_1)#“}71 ij oy p—ijB—1 i+1 00

super 7 jq,4(1%) = » Y (—1D)Y0P P E, g((—1) T 0't®).
i=0

Definition 3.18. Let H,jup : R - R, j=0,1,2,---,p—1, peN, a,f € C, R(a) >
0,R(B) > 0. We say that H,jq g is type pre-superhyperbolic with p element if

o (ot

presuper H, jq g (1) = n;) C((pn+j)a+B)

Definition 3.19. Let H,jq5: R — R, j=0,1,2,--- ,p—1, p €N. We say that H,;q g is
type superhyperbolic with p element if

o0 t(pn+j)a+ﬁfl

o T((pnt+ jlo+B)

superH,,jq g (t%) =
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Theorem 3.20. Let A3 = 1,1 # 1, a, € C, R(a) > 0, R(B) > 0. Then for eacht € R,
we have

Ea,ﬁ (l) +E(x,ﬁ (lt) +Ea.ﬁ (QLZI)

presuper Hzpq (1) = .
presuper Hsiq p(f) Eqp(t)+A%Eqp (3/It) +AEqp(A%)
presupeanaﬁ (;) — Eavﬁ (I) "”lEa-ﬂ (;U) +’12Ea,ﬁ (lzt)
and
super Hyoq g (t%) = tﬁlEavﬁ(ta)+Ea,ﬁ(7;la)—I—Eavﬁ(kzz“)
super Hy o (1%) = tﬁ_lEa,ﬁ(ta)%—MEa’B(i,a)+;LEa’l3(;tha)
super Hyg  (1%) = tﬁlEavﬁ(f“)+1Ea7ﬁ(/131“)+l2Ea7ﬁ()L2;a)

Theorem 3.21. Let A =1, # 1, a, € C, R(a) > 0, R(B) > 0. Then for eacht € R,
we have

(presuper Hzyq (1) + (presuper H3 4 (1) + (presuper Hzy (1) -
3 presuper Hyq g (t) presuper Hz; o g (t) presuper Hspq (1)
= Eqp(1)Eqp(At)Eq (A1)

and

(super H3q g (") + (superHzjq (1) + (super H3q g (1*))* -
3super Haq g (%) super Hz o g (t%) super Hp g g (1%)

=Eqp(t*)Eqp(At*)Eq(A%t%).

Theorem 3.22. Let A? = 1,A # 1, p > 3 is a prime and o, € C, R(a) > 0, R(P) > 0.
Then for eacht € Rand j=0,1,...,p—1 we have

1A —ij i
presuper H), jq, g (t) = ;7 Zé APTYE, g(A't)

15 —ij.B— i
superH,,jq 5 (t%) = > ;)M P Eg g (A11%)

Theorem 3.23. Let p > 3 be a prime number, o, B,s € C, R(et) >0, R(B) >0, R(s) >0
and |s~%*| < 1. Then we have
s(p_.])a_ﬁ

W’ Jj=0,1,...,p—1 (10)

Z (superT)iq (t*)(s) =
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and
o S(p_])a_ﬁ .
g(supeerjan(l ))<S):W7 J:O,1’7p—1 (11)
Proof. The proof follows from Theorem 3.11 and (2). ]

Theorem 3.24. Let p > 3 be a prime number, &, 3,s € C, R(a) >0, R(B) >0, R(s) >0
a>0and |as~®*| < 1. Then we have

S(pfj)afﬁaj
f(supeer]aﬁ(ata))(s):W, ]:O,l,,p—l (12)
and
f(supeerij(ata))(s) = w, ]: O,l,...,p* 1. (13)

4 Solving fractional differential equations using supertrigonometric and su-
perhyperbolic functions

This section is dedicated to present a new method for solving fractional differential equa-
tions. This new method is based on using the supertrigonometric and superhyperbolic func-
tions for solving one class of fractional differential equations. This method can be extended
for many types of fractional differential equations, [2].

Theorem 4.1. Let p > 3 be a prime number a,b € R, a > 0 and 0 < o0 < 1. The solution
of the sequential fractional differential equation

DPYy(t) +ay(t) =b (14)
with initial conditions D*P~)~1y(0) = bj,j=1,....pis

1

ye) = JZOZ’W’TWM @)+~ Ty (Yar).

Proof. 1f we apply the Laplace transform on (14), R(s) > 0, |as—*| < 1 using (4) (we put
in (3) o; = &) we obtain

p—1 b

(" +a)Z((0))(s) = L s"bj1+ <.
j=0

Then
P pflb s¥p—j)—a b
t = -
() (s) j;) P gap 4 g +s(s06p_|_1)
a(p—j)—ay b bsr]

Z " ’\’fsaﬂ+a)+$_3(so"’+a)'

If we apply the inverse Laplace transform on the previous equality, using (12) and (8)
we obtain the assertion. [
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Theorem 4.2. Let p > 3 be a prime number a,b € R, a > 0 and 0 < oe < 1. The solution
of the sequential fractional differential equation

DP*y(t) —ay(t) = b (15)
with initial conditions D*P~)~1y(0) = bj,j=1,...,pis

1l b, b b
y(1) = %%Hma,a(\p/&a)+ 7 ;HpOa(%ta)-

Proof. The proof is similar like those in Theorem 4.1. 0
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