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Nested Functions of Type Supertrigonometric and
Superhyperbolic via Mittag-Leffler Functions

A. H. Ansari, S. Maksimović, L. Guran, M. Zhou

Abstract: In this paper nested functions of type supertrigonometric and superhyperbolic are
introduced and their properties are determined. Using these functions some classes of fractional
differential equations are solved.
Keywords: supertrigonometric and superhyperbolic functions, Mittag-Leffler functions, frac-
tional differential equations

1 Introduction

The Mittag-Leffler function is the special function of the form

Eα(z) =
∞

∑
n=0

zn

Γ(αn+1)
, α,z ∈ C, ℜ(α)> 0,

and it is introduced in [13, 14] by Swedish mathematician Gosta Magnus Mittag-Leffler.
Later, Wiman [20] introduced the two-parameter Mittag–Leffler function Eα,β (z), which is
given by

Eα,β (z) =
∞

∑
n=0

zn

Γ(αn+β )
, α,β ,z ∈ C, ℜ(α)> 0, ℜ(β )> 0.

It is proved in [7] (see also [11]) that

L (Eα(±λ tα))(s) =
sα−1

sα ∓λ
(1)
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and

L (tβ−1Eα,β (±λ tα))(s) =
sα−β

sα ∓λ
, (2)

where ℜ(s) > 0, λ ∈ C, |λ s−α | < 1. With the development of the fractional calculus, the
interest of scientists in the study of Mittag-Leffler functions grew [6–9]. Solutions of some
linear fractional differential equations may be expressed in terms of the Mittag–Leffler
function [3, 4]. During the last two decades, the interest in Mittag-Leffler functions and
Mittag-Leffler type functions have grown, especially among engineers and scientists due to
their huge application in several applied problems, such as fluid flow, diffusion-like trans-
port, electrical networks, probability and statistical distribution theory [5, 15, 18]. They are
particularly interesting the supersine and supercosine functions based on the Mittag-Leffler
function introduced in [3] (see also [10, 19]).

In this paper we introduce nested functions of type supertrigonometric Tp jα , Tp jα,β

and superhyperbolic Hp jα , Hp jα,β as the special case of Mittag-Leffler functions in order
to solve some classes of fractional differential equations. We suggest the word ,,nested”,
because with the finite derivative they become functions in the same class. We also gave
some properties of these functions.

2 Preliminaries

In this subsection we recall some important results regarding the functions Tp j and Hp j and
the fractional calculus.

2.1 Notions

We use the following notation: N, R and C for the sets of positive integers, real and complex
numbers, respectively; ℜ(z) is the real part of the complex number z. A Laplace transform
of a function f is denoted by L ( f (t))(s) =

∫ +∞

0 f (t)estdt, s ∈ C, and the gamma function
is denoted Γ(z) =

∫ +∞

0 tz−1e−tdt, ℜ(z)> 0.

2.2 Functions Tp j and Hp j

The functions Tp j,Hp j : R→ R, j = 0,1,2, · · · , p−1, p ∈ N, are defined as follows [1]:

Tp j(t) =
∞

∑
n=0

(−1)nt pn+ j

(pn+ j)!
, Hp j(t) =

∞

∑
n=0

t pn+ j

(pn+ j)!
.

Theorem 2.1. [1] For each t ∈ R, we have

T 3
30(t)−T 3

31(t)+T 3
32(t)+3T30(t)T31(t)T32(t) = 1

H3
30(t)+H3

31(t)+H3
32(t)−3H30(t)H31(t)H32(t) = 1.
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Theorem 2.2. [1] Let w3 =−1,w ̸=−1. Then for each t ∈ R, we have

exp(−t) = T30(t)−T31(t)+T32(t)

exp(wt) = T30(t)+wT31(t)+w2T32(t)

exp(−w2t) = T30(t)−w2T31(t)−wT32(t),

and

T30(t) =
exp(−t)+ exp(wt)+ exp(−w2t)

3

T31(t) =
−exp(−t)−w2 exp(wt)+wexp(−w2t)

3

T32(t) =
exp(−t)−wexp(wt)+w2 exp(−w2t)

3
.

Theorem 2.3. Let λ 3 = 1,λ ̸= 1. Then for each t ∈ R, we have

exp(t) = H30(t)+H31(t)+H32(t)

exp(λ t) = H30(t)+λH31(t)+λ
2H32(t)

exp(λ 2t) = H30(t)+λ
2H31(t)+λH32(t),

and

H30(t) =
exp(t)+ exp(λ t)+ exp(λ 2t)

3

H31(t) =
exp(t)+λ 2 exp(λ t)+λ exp(λ 2t)

3

H32(t) =
exp(t)+λ exp(λ t)+λ 2 exp(λ 2t)

3
.

2.3 Fractional derivative

The Riemann-Liouville fractional derivative of order α is defined by [12, 16]

aDαy(t) =
1

Γ(n−α)

dn

dtn

∫ t

a

y(u)
(t −u)α−n+1 du, n−1 < α ≤ n.

In this paper we consider the case a = 0 and we denote it by Dα . The Laplace transform of
the fractional derivative is given by [12, 16, 17]

L (Dαy(t))(s) = sαL (y(t))(s)−
n−1

∑
j=0

s jDα− j−1y(0), n−1 < α ≤ n.

According to the terminology used by Miller and Ross, [12], the fractional differential
equation

Dσny(t)+
n−1

∑
j=1

p j(t)Dσn− j y(t)+ pn(t)y(t) = h(t),Dσ j−1y(0) = b j, j = 1,2, . . . ,n, (3)



112 A. H. Ansari, S. Maksimović, L. Guran, M. Zhou

is a sequential fractional differential equation where

Dσ j = Dα j Dα j−1 · · ·Dα1 , Dσ j−1 = Dα j−1Dα j−1 · · ·Dα1 ,

σ j =
j

∑
i=0

αi, j = 1, . . . ,n, 0 < αi < 1, i = 1, . . . ,n.

The Laplace transform of the sequential fractional partial derivative Dσny(t) is given
by [17]

L (Dσny(t))(s) = sσnL (y(t))(s)−
n−1

∑
j=0

sσn−σn− j Dσn− j−1y(0). (4)

3 Supertrigonometric and superhyperbolic functions via Mittag-Leffler func-
tions

Following [18] we introduce supertrigonometric superhyperbolic functions.

Definition 3.1. Let Tp jα : R→ R, j = 0,1,2, · · · , p−1, p ∈ N, α ∈ C, ℜ(α)> 0. We say
that the function Tp jα is type pre-supertrigonometric with p element if

presuperTp jα(t) =
∞

∑
n=0

(−1)nt pn+ j

Γ((pn+ j)α +1)
.

Definition 3.2. Let Tp jα : R→ R, j = 0,1,2, · · · , p−1, p ∈ N, α ∈ C, ℜ(α)> 0. We say
that the function Tp jα is type supertrigonometric with p element if

superTp jα(tα) =
∞

∑
n=0

(−1)nt(pn+ j)α

Γ((pn+ j)α +1)
.

Firstly, we consider the case when p = 3. Using Theorem 2.2 we obtain connections
between pre-supertrigonometric and supertrigonometric with Mittag-Leffler functions.

Theorem 3.3. Let w3 =−1,w ̸=−1, α ∈ C, ℜ(α)> 0. Then for each t ∈ R, we have

presuperT30α(t) =
Eα(−t)+Eα(wt)+Eα(−w2t)

3

presuperT31α(t) =
−Eα(−t)−w2Eα(wt)+wEα(−w2t)

3

presuperT32α(t) =
Eα(−t)−wEα(wt)+w2Eα(−w2t)

3
and

superT30α(tα) =
Eα(−tα)+Eα(wtα)+Eα(−w2tα)

3

superT31α(tα) =
−Eα(−tα)−w2Eα(wtα)+wEα(−w2tα)

3

superT32α(tα) =
Eα(−tα)−wEα(wtα)+w2Eα(−w2tα)

3
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Theorem 3.4. Let w3 =−1,w ̸=−1, α ∈ C, ℜ(α)> 0. Then for each t ∈ R, we have

(presuperT30α(t))3 − (presuperT31α(t))3 +(presuperT32α(t))3 +

3presuperT30α(t)presuperT31α(t)presuperT32α(t)

= Eα(−t)Eα(wt)Eα(−w2t).

and

(superT30α(tα))3 − (superT31α(tα))3 +(superT32α(tα))3 +

3superT30α(tα)superT31α(tα)superT32α(tα)

= Eα(−tα)Eα(wtα)Eα(−w2tα).

Proof. The proof follows from Theorem 2.1 and Theorem 3.3.

Using Theorem 3.3 we obtain the following assertion.

Theorem 3.5. Let wp =−1,w ̸=−1, p ≥ 3 is a prime number and α ∈C, ℜ(α)> 0. Then
for each t ∈ R and j = 0,1, . . . , p−1, we have

presuperTp jα(t) =
(−1) j+1

p

p−1

∑
i=0

(−1)i j
ω

p−i jEα((−1)i+1
ω

it)

and

superTp jα(tα) =
(−1) j+1

p

p−1

∑
i=0

(−1)i j
ω

p−i jEα((−1)i+1
ω

itα). (5)

Definition 3.6. Let Hp jα : R→ R, j = 0,1,2, · · · , p−1, p ∈N, α ∈C, ℜ(α)> 0. We say
that the function Hp jα is type pre-superhyperbolic with p element if

presuperHp jα(t) =
∞

∑
n=0

t pn+ j

Γ((pn+ j)α +1)
.

Definition 3.7. Let Hp jα : R→R, j = 0,1,2, · · · , p−1, p ∈N, α ∈C, ℜ(α)> 0. We say
that the function Hp jα is type superhyperbolic with p element if

superHp jα(tα) =
∞

∑
n=0

t(pn+ j)α

Γ((pn+ j)α +1)
.

Firstly we consider a case when p = 3. Using Theorem 2.3 we obtain connections
between pre-superhyperbolic and superhyperbolic with Mittag-Leffler functions.

Theorem 3.8. Let λ 3 = 1,λ ̸= 1, α ∈ C, ℜ(α)> 0. Then for each t ∈ R, we have

presuperH30α(t) =
Eα(t)+Eα(λ t)+Eα(λ

2t)
3

presuperH31α(t) =
Eα(t)+λ 2Eα(λ t)+λEα(λ

2t)
3

presuperH32α(t) =
Eα(t)+λEα(λ t)+λ 2Eα(λ

2t)
3
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and

superH30α(tα) =
Eα(tα)+Eα(λ tα)+Eα(λ

2tα)

3

superH31α(tα) =
Eα(tα)+λ 2Eα(λ tα)+λEα(λ

2tα)

3

superH32α(tα) =
Eα(tα)+λEα(λ tα)+λ 2Eα(λ

2tα)

3
.

Theorem 3.9. Let λ 3 = 1,λ ̸= 1, α ∈ C, ℜ(α)> 0. Then for each t ∈ R, we have

(presuperH30α(t))3 +(presuperH31α(t))3 +(presuperH32α(t))3 −
3presuperH30α(t)presuperH31α(t)presuperH32α(t)

= Eα(t)Eα(λ t)Eα(λ
2t)

and

(superH30α(tα))3 +(superH31α(tα))3 +(superH32α(tα))3 −
3superH30α(tα)superH31α(tα)superH32α(tα)

= Eα(tα)Eα(λ tα)Eα(λ
2tα).

Proof. The proof follows from Theorem 3.8 and Theorem 2.1.

Theorem 3.10. Let λ p = 1,λ ̸= 1, p ≥ 3 is a prime number and α ∈ C, ℜ(α) > 0. Then
for each t ∈ R and j = 0,1, . . . , p−1 we have

presuperHp jα(t) =
1
p

p−1

∑
i=0

λ
p−i jEα(λ

it),

superHp jα(tα) =
1
p

p−1

∑
i=0

λ
p−i jEα(λ

itα).

Theorem 3.11. Let p ≥ 3 be prime number, α,s ∈ C, ℜ(α)> 0, ℜ(s)> 0 and |s−α |< 1.
Then we have

L (superTp jα(tα))(s) =
s(p− j)α−1

spα +1
, j = 0,1, ..., p−1 (6)

and

L (superHp jα(tα))(s) =
s(p− j)α−1

spα −1
, j = 0,1, ..., p−1. (7)

Proof. We will prove (6), since the proof for (7) is similar. If we apply the Laplace trans-
form on (5), using (1), we obtain

L (superTp jα(tα))(s) =
(−1) j+1

p

p−1

∑
i=0

(−1)i j
ω

p−i j sα−1

sα +(−ω)i

=
(−1) j+1

p
sα−1

spα +1

p−1

∑
i=0

(−1)i j
ω

p−i j
p−1

∑
k=0

(−1)ks(p−1−k)α(−ω)ik.
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Since ω p =−1, ω ̸=−1, then
p−1
∑

k=0
(−1)kω p−1−k = 0, so we have

(−1) j+1

p

p−1

∑
i=0

(−1)i j
ω

p−i j
p−1

∑
k=0

(−1)ks(p−1−k)α(−ω)ik =
(−1) j+p+2

p

p−1

∑
i=0

(−1)i j
ω

p−i j(−ω)i(p−1)

+ sα (−1) j+p

p

p−1

∑
i=0

(−1)i j
ω

p−i j(−ω)i(p−2)+ . . .+ s(p− j−1)α (−1)2 j+1

p

p−1

∑
i=0

ω
p + . . .

+ s(p−1)α (−1) j+1

p

p−1

∑
i=0

(−1)i j
ω

p−i j = 0+ sα ·0+ . . .+ s(p− j−1)α + . . .+0.

This completes the proof.

Theorem 3.12. Let p ≥ 3 be a prime number, a > 0, α,s ∈ C, ℜ(α) > 0, ℜ(s) > 0 and
|as−α |< 1. Then we have

L (superTp jα(atα))(s) =
s(p− j)α−1a j

spα +ap , j = 0,1, ..., p−1 (8)

and

L (superHp jα(atα))(s) =
s(p− j)α−1a j

spα −ap , j = 0,1, ..., p−1. (9)

Proof. Follows from Theorem 3.11.

Definition 3.13. Let Tp jα,β : R → R, j = 0,1,2, · · · , p− 1, p ∈ N, α,β ∈ C, ℜ(α) > 0,
ℜ(β )> 0. We say that Tp jα,β is type pre-supertrigonometric with p element if

presuperTp jα,β (t) =
∞

∑
n=0

(−1)nt pn+ j

Γ((pn+ j)α +β )
.

Definition 3.14. Let Tp jα,β : R → R, j = 0,1,2, · · · , p− 1, p ∈ N, α,β ∈ C, ℜ(α) > 0,
ℜ(β )> 0. We say that Tp jα,β is type supertrigonometric with p element if

superTp jα,β (t
α) =

∞

∑
n=0

(−1)nt(pn+ j)α+β−1

Γ((pn+ j)α +β )

Firstly, we consider the case p = 3.

Theorem 3.15. Let w3 = −1,w ̸= −1, α,β ∈ C, ℜ(α) > 0, ℜ(β ) > 0. Then for each
t ∈ R, we have

presuperT30α,β (t) =
Eα,β (−t)+Eα,β (wt)+Eα,β (−w2t)

3

presuperT31α,β (t) =
−Eα,β (−t)−w2Eα,β (wt)+wEα,β (−w2t)

3

presuperT32α,β (t) =
Eα,β (−t)−wEα,β (wt)+w2Eα,β (−w2t)

3



116 A. H. Ansari, S. Maksimović, L. Guran, M. Zhou

and

superT30α,β (t
α) = tβ−1 Eα,β (−tα)+Eα,β (wtα)+Eα,β (−w2tα)

3

superT31α,β (t
α) = tβ−1−Eα,β (−tα)−w2Eα,β (wtα)+wEα,β (−w2tα)

3

superT32α,β (t
α) = tβ−1 Eα,β (−tα)−wEα,β (wtα)+w2Eα,β (−w2tα)

3
.

Theorem 3.16. Let w3 =−1,w ̸=−1, α,β ∈C, ℜ(α)> 0, ℜ(β )> 0. Then for each t ∈R
we have

(presuperT30α,β (t))
3 − (presuperT31α,β (t))

3 +(presuperT32α,β (t))
3 +

3presuperT30α,β (t)presuperT31α,β (t)presuperT32α,β (t)

= Eα,β (−t)Eα,β (wt)Eα,β (−w2t)

and

(superT30α,β (t
α))3 − (superT31α,β (t

α))3 +(superT32α,β (t
α))3 +

3superT30α,β (t
α)superT31α,β (t

α)superT32α,β (t
α)

= Eα,β (−tα)Eα,β (wtα)Eα,β (−w2tα).

In general case, we have the following assertion.

Theorem 3.17. Let wp = −1,w ̸= −1, p ≥ 3 be a prime number and α,β ∈ C, ℜ(α) >
0,ℜ(β )> 0. Then for each t ∈ R and j = 0,1, . . . , p−1 we have

presuperTp jα,β (t) =
(−1) j+1

p

p−1

∑
i=0

(−1)i j
ω

p−i jEα,β ((−1)i+1
ω

it)

superTp jα,β (t
α) =

(−1) j+1

p

p−1

∑
i=0

(−1)i j
ω

p−i jtβ−1Eα,β ((−1)i+1
ω

itα).

Definition 3.18. Let Hp jα,β : R → R, j = 0,1,2, · · · , p− 1, p ∈ N, α,β ∈ C, ℜ(α) >
0,ℜ(β )> 0. We say that Hp jα,β is type pre-superhyperbolic with p element if

presuperHp jα,β (t) =
∞

∑
n=0

t pn+ j

Γ((pn+ j)α +β )
.

Definition 3.19. Let Hp jα,β : R→ R, j = 0,1,2, · · · , p− 1, p ∈ N. We say that Hp jα,β is
type superhyperbolic with p element if

superHp jα,β (t
α) =

∞

∑
n=0

t(pn+ j)α+β−1

Γ((pn+ j)α +β )
.
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Theorem 3.20. Let λ 3 = 1,λ ̸= 1, α,β ∈ C, ℜ(α) > 0, ℜ(β ) > 0. Then for each t ∈ R,
we have

presuperH30α,β (t) =
Eα,β (t)+Eα,β (λ t)+Eα,β (λ

2t)
3

presuperH31α,β (t) =
Eα,β (t)+λ 2Eα,β (λ t)+λEα,β (λ

2t)
3

presuperH32α,β (t) =
Eα,β (t)+λEα,β (λ t)+λ 2Eα,β (λ

2t)
3

and

superH30α,β (t
α) = tβ−1 Eα,β (tα)+Eα,β (λ tα)+Eα,β (λ

2tα)

3

superH31α,β (t
α) = tβ−1 Eα,β (tα)+λ 2Eα,β (λ tα)+λEα,β (λ

2tα)

3

superH32α,β (t
α) = tβ−1 Eα,β (tα)+λEα,β (λ tα)+λ 2Eα,β (λ

2tα)

3

Theorem 3.21. Let λ 3 = 1,λ ̸= 1, α,β ∈ C, ℜ(α) > 0, ℜ(β ) > 0. Then for each t ∈ R,
we have

(presuperH30α,β (t))
3 +(presuperH31α,β (t))

3 +(presuperH32α,β (t))
3 −

3presuperH30α,β (t)presuperH31α,β (t)presuperH32α,β (t)

= Eα,β (t)Eα,β (λ t)Eα,β (λ
2t)

and

(superH30α,β (t
α))3 +(superH31α,β (t

α))3 +(superH32α,β (t
α))3 −

3superH30α,β (t
α)superH31α,β (t

α)superH32α,β (t
α)

= Eα,β (t
α)Eα,β (λ tα)Eα,β (λ

2tα).

Theorem 3.22. Let λ p = 1,λ ̸= 1, p ≥ 3 is a prime and α,β ∈ C, ℜ(α) > 0, ℜ(β ) > 0.
Then for each t ∈ R and j = 0,1, . . . , p−1 we have

presuperHp jα,β (t) =
1
p

p−1

∑
i=0

λ
p−i jEα,β (λ

it)

superHp jα,β (t
α) =

1
p

p−1

∑
i=0

λ
p−i jtβ−1Eα,β (λ

itα)

Theorem 3.23. Let p ≥ 3 be a prime number, α,β ,s ∈ C, ℜ(α)> 0, ℜ(β )> 0, ℜ(s)> 0
and |s−α |< 1. Then we have

L (superTp jα,β (t
α))(s) =

s(p− j)α−β

spα +1
, j = 0,1, ..., p−1 (10)
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and

L (superHp jα,β (t
α))(s) =

s(p− j)α−β

spα −1
, j = 0,1, ..., p−1. (11)

Proof. The proof follows from Theorem 3.11 and (2).

Theorem 3.24. Let p ≥ 3 be a prime number, α,β ,s ∈C, ℜ(α)> 0, ℜ(β )> 0, ℜ(s)> 0,
a > 0 and |as−α |< 1. Then we have

L (superTp jα,β (atα))(s) =
s(p− j)α−β a j

spα +ap , j = 0,1, ..., p−1 (12)

and

L (superHp jα,β (atα))(s) =
s(p− j)α−β a j

spα −ap , j = 0,1, ..., p−1. (13)

4 Solving fractional differential equations using supertrigonometric and su-
perhyperbolic functions

This section is dedicated to present a new method for solving fractional differential equa-
tions. This new method is based on using the supertrigonometric and superhyperbolic func-
tions for solving one class of fractional differential equations. This method can be extended
for many types of fractional differential equations, [2].

Theorem 4.1. Let p ≥ 3 be a prime number a,b ∈ R, a > 0 and 0 < α ≤ 1. The solution
of the sequential fractional differential equation

Dpαy(t)+ay(t) = b (14)

with initial conditions Dα(p− j)−1y(0) = b j, j = 1, . . . , p is

y(t) =
p−1

∑
j=0

bp− j
p
√

a j
Tp jα,α(

p
√

atα)+
b
a
− b

a
Tp0α(

p
√

atα).

Proof. If we apply the Laplace transform on (14), ℜ(s) > 0, |as−α | < 1 using (4) (we put
in (3) αi = α) we obtain

(spα +a)L (y(t))(s) =
p−1

∑
j=0

s jαb j+1 +
b
s
.

Then

L (y(t))(s) =
p−1

∑
j=0

bp− j
sα(p− j)−α

sα p +a
+

b
s(sα p +1)

=
p−1

∑
j=0

bp− j
sα(p− j)−α p

√
a j

p
√

a j(sα p +a)
+

b
as

− bsα p−1

s(sα p +a)
.

If we apply the inverse Laplace transform on the previous equality, using (12) and (8)
we obtain the assertion.
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Theorem 4.2. Let p ≥ 3 be a prime number a,b ∈ R, a > 0 and 0 < α ≤ 1. The solution
of the sequential fractional differential equation

Dpαy(t)−ay(t) = b (15)

with initial conditions Dα(p− j)−1y(0) = b j, j = 1, . . . , p is

y(t) =
p−1

∑
j=0

bp− j
p
√

a j
Hp jα,α(

p
√

atα)+
b
a
− b

a
Hp0α(

p
√

atα).

Proof. The proof is similar like those in Theorem 4.1.
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